Abstract. We give a complete description of those separable Banach lattices E with the property that every bounded linear from E into itself is the difference of two positive operators.
Introduction.
The question of when every bounded linear operator T mapping a Banach lattice E into another Banach lattice F must be regular, i.e. the difference of two positive operators, has been of interest since the early days of the study of Banach lattices, e.g. [6, 7] . There are many cases in which it is known whether or not this is possible, but no sign as yet of knowing precisely when it is true. One case when we are much closer to a full answer is when E = F , when Abramovich in [1] showed that if all bounded linear operators from E into itself are regular then E must be isomorphic either to an AL-space or to an AM-space. Although equality holds for any AL-space (and therefore for isomorphic Banach lattices) there is equality for some AM-spaces (notably those that are Dedekind complete with a strong order unit, but also for others, see [2] and [11] ) but not in many other cases (see [11] for many examples). Even in this special a setting it is not clear how to formulate a conjecture as to exactly which AM-spaces do have this property. In this note we give a complete solution in the rather special case of separable Banach lattices.
Our terminology and notation are standard, see e.g. [8] . In particular L(E) denotes the space of norm bounded linear operators on E whilst L r (E) is the space of regular operators on E.
The results.
Before proceeding to the main proof we need to prove a characterization of those separable AM-spaces which have a strong order unit, which may be of interest in its own right. As a preliminary to proving this, we need to show how to convert sequences with a minimal disjointness property into sequences which are genuinely disjoint. In the following statement, δmn denotes the Kronecker delta function, taking the value 1 if m = n and 0 otherwise. Proposition 1. Let E be a Banach lattice, (f n ) a sequence of lattice homomorphism functionals on E, (x n ) a sequence in E + with f m (x n ) = δ mn for m, n ∈ N. Then there is a disjoint sequence (y n ) in E + with y n ≤ x n for all n ∈ N and with f m (y n ) = δ mn .
Proof. Define
x n 2 n x n and set
As f 1 (x n ) = 0 for n ≥ 2 and f 1 is continuous we have f 1 (p) = 0 so that
1 ⊥ z we also have y 1 1 ⊥ y 1 n for n ≥ 2. Apply this procedure now to the sequence (y 1 n ) ∞ n=2 and we obtain a new sequence (
Note that if n ≥ 2 then 0 ≤ y 2 n ≤ y 1 n ⊥ y 1 1 so that y 2 n ⊥ y 1 1 . Repeating this process inductively and taking y n = y n n gives the desired sequence.
A Banach lattice in which every norm bounded disjoint positive family has a supremum is known to be Dedekind complete and to have a strong order unit. It remains an open question as to whether or not every norm bounded disjoint positive family being order bounded suffices to prove the existence of a strong order unit. Even if we assume initially that we are dealing with an AM-space this is still unclear. We do however have a partial result that suffices for our purposes.
The proof makes use of results from the theory of compact Choquet simplexes. Recall that if K is a compact convex set in a locally convex space then A(K) denotes the space of continuous real-valued affine functions on K. Equip this space with the supremum norm over K and the pointwise partial order. We will denote the set of extreme points of K by E(K). If 0 ∈ E(K) then we will write A 0 (K) for those f ∈ A(K) with f (0) = 0. If E is an AM-space then the set K = {f ∈ E * + : f ≤ 1} is a compact Choquet simplex under the weak * topology and E is isometrically order isomorphic to A 0 (K). The Choquet simplexes that arise in this way are rather special, one characterization being that the set [0, 1]×E(K) is closed, Théorème 1.30 of [5] . For a general simplex it is not true that the closure of a face need be a face, see [3] for example, but for the simplexes arising from AM-spaces the closure of a face is again a face, see Théorème 1.30 of [5] . In particular, if A ⊂ E(K) then its convex hull, co(A) is a face and therefore F = co(A) is also a face. Milman's converse of the Krein-Milman theorem, see page 9 of [9] or Proposition 1.5 of [10] , states that E(F ) ⊂ A. It is simple, using Hahn-Banach separation for example, to see that E has a strong order unit if and only if the origin is not in the weak * closure of E(K) \ {0}.
Proposition 2.
If E is a separable AM-space in which every norm bounded disjoint positive sequence is order bounded then E has a strong order unit.
Proof. Suppose that E is a separable AM-space without a strong order unit. We identify E with A 0 (K) as above. As E is separable, the weak * topology on K is metrizable and because E does not have a strong order unit the origin is in the closure of E(K) \ {0}. By metrizability we may find a sequence of distinct points k n ∈ E(K) with k n → 0. For each n ∈ N, set F n = co({k m : m = n} which is a closed face of K. As k n / ∈ {k m : m = n} it is certainly true that k n / ∈ E(F n ). As k n is extreme in K if it did lie in F n it would certainly be extreme, so that k n / ∈ F n . Thus {k n } and F n are disjoint closed faces of K. It is a simple consequence of Edwards' Theorem, Proposition II.3.13 of [4] , that there is f n ∈ A(K) with f n|F n ≡ 0, f n (k n ) = 1 and 0 ≤ f n (k) ≤ 1 for all k ∈ K. As 0 ∈ {k m : m = n} ⊂ F n , f n (0) = 0 so that f n ∈ A 0 (K), which we are identifying with E.
The maps f → f (k n ) are lattice homomorphisms on A 0 (K) and we have f n (k m ) = δ mn so we may invoke Proposition 1 to produce a positive disjoint sequence (g n ) in A 0 (K) with g n ≤ f n and g n (k m ) = δ mn . The sequence (g n ) is certainly norm bounded. If e were an upper bound for the sequence then we would have e(k n ) ≥ g n (k n ) = 1 for all n ∈ N, so that 0 = e(0) = lim n→∞ e(k n ) ≥ 1.
In the statement of the following theorem, c denotes the usual space of convergent real sequences, c 0 the subspace of null sequences and "isomorphic" means the existence of a linear operator that is both a Banach space and order isomorphism.
Theorem 3. A separable Banach lattice E has the property that L(E) = L r (E) if and only if one of the following three conditions holds:
(1) E is isomorphic to a (separable) AL-space.
(2) E is isomorphic to a finite product of copies of c. (3) E is isomorphic to c 0 .
Proof. Clearly the property that L(E) = L r (E) is unaffected by change of norm. In case (1) a proof of equality may be found, for example, in Theorem 1.5.11 of [8] , in case (2) it is a consequence of Theorem 2.12 of [11] and in case (3) it follows from Theorem 2.2 of [11] . If we have equality, then E is isomorphic to either an AL-space or to an AM-space by [1] . We need only address the case that E is isomorphic to an AM-space. As above, we identify E with A 0 (K), where K is a metrizable compact Choquet simplex with 0 as an extreme point. Consider the open subsets P f, = {k ∈ E(K) : f (k) > }, for f ∈ A 0 (K) + and > 0, of E(K) \ {0}. Suppose first that all such sets are finite. We are dealing with a metric topology, so each point in P f, must be isolated. Furthermore, the union of all P f, is the whole of E(K) \ {0} as if f (k) = 0 for all positive f we also have f (k) = 0 for all f which means that k = 0. Thus E(K) \ {0} is a discrete space. If E does not have a strong order unit then 0 is a limit point and there can be no non-zero limit points as if there were we can pick f ≥ 0 with f ( ) > 0 and therefore f (k) > 0 for an infinite number of choices of k ∈ E(K) \ {0}. It follows that E(K) may be identified with the one point compactification of N, still assuming that E does not have a strong order unit. In particular E(K) is a closed subset of K so that K is a Bauer simplex and by Theorem II.4.1 of [4] A(K) may be identified with the space of all continuous real valued functions on E(K), which is in turn isomorphic to c. Thus A 0 (K), and hence E, is isomorphic to c 0 .
If E does not have a strong order unit and some set P f, is infinite then by scaling we may suppose that there is e ∈ A 0 (K) such that {k ∈ E(K) : e(k) ≥ 1} is an infinite set. Using the compactness and metrizability of K we may find a sequence of distinct points (k n ) in E(K) with e(k n ) ≥ 1 for all n ∈ N, k n → k ∈ K and each k n = k. By Proposition 2 there is a norm bounded sequence (x n ) in E + which is not bounded above. We may now define a bounded linear operator T ∈ L A 0 (K) by the formula
as in the proof of Case I of the proof of Theorem 2.8 of [11] . Suppose that U ∈ L A 0 (K) with U ≥ T, 0, then for each n ∈ N there is f n ∈ A 0 (K) + with f n (k n ) = 1 and f n (k) = 0 using Edwards' Theorem again. As lattice operations in A 0 (K) are pointwise on E(K), if we set g n = f n ∧ e then we still have g n (k n ) = 1 and g n (k) = 0. Thus, for all n ∈ N, we have U e ≥ U g n = ∞ m=1 g n (k m ) − g n (k) x m ≥ x n which contradicts the fact that (x n ) is not bounded above.
There remains to consider only the possibility that E has a strong order unit, when it is isomorphic to some space C(X), where X is a compact metrizable Hausdorff space. If X is a finite set then E is finite dimensional, so certainly isomorphic to an AL-space. If X is infinite then it will contain a non-trivial convergent sequence and it then follows from Theorem 2.15 of [11] that we are in case (2) .
